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Abstract
It is shown how the basic constructs of harmonic analysis, such as convolution, algebras
of measures and functions (including Fourier–Stieltjes algebras) can be developed for compact
Hausdorff right topological groups. In particular, the properties and structure of these new
objects are compared with their classical analogues in the topological group case.
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0. Introduction
A compact right topological group is a pair (G, ) where G is a group and  is a
compact (though not necessarily Hausdorff) topology on G such that for each s ∈ G
the right translation G → G : t → ts is continuous. Such groups arise naturally in
topological dynamics, and as left ideal groups in semigroup compactiﬁcations.
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The topological centre (G) of G is the set where left translation is also continuous:
(G) = {s ∈ G : t → st is continuous G→ G}.
In the case that (G) = G, so that multiplication is separately continuous, then G is
called semitopological. If in addition G is Hausdorff, then Ellis’ theorem
[6, Theorem 2], Theorem 1.2 below, shows that G is a topological group.
A regular Borel measure  on G is left invariant if it is invariant under the continuous
left translations: (sB) = (B) for s ∈ (G) and any Borel subset B ⊂ G. A result
of Namioka [25, Corollary 4.2] shows that every compact Hausdorff right topological
group admits a left invariant probability measure. However, as noted at the end of [1],
such a measure need not be unique. A regular Borel probability measure  is right
invariant and is called a Haar measure if it is invariant under all right translations:
(Bs) = (B) for s ∈ G and any Borel subset B of G. Milnes and Pym [21] have
shown that a Haar measure exists on a compact Hausdorff right topological group
provided that G admits an appropriate system of closed normal subgroups, that it is
uniquely determined, and that it is left invariant. They also show that G has such a
system of subgroups whenever its topological centre contains a countable subset dense
in G. This seminal work provides the basis for harmonic analysis to be done on compact
Hausdorff right topological groups, and our work on Banach algebras over such groups
is a contribution to this theory.
Other work related to compact Hausdorff right topological groups has been done by
Milnes [16–18] and Moran [22,23].
The purpose of the present paper is to show how one can develop the basic constructs
of harmonic analysis, such as convolution, algebras of measures and functions (including
Fourier–Stieltjes algebras), for compact Hausdorff right topological groups. In particular,
we show how the properties and structure of these new objects compare with situation
when the group is topological.
The organisation of the paper is as follows. §1 deals with some background material
on the structure of compact Hausdorff right topological groups that will be required,
including the so-called -topology of G. This (non-Hausdorff) topology is deﬁned
below, and is important to the understanding of the structure of G. See, for example,
[25]. In §2 we study various translation invariant subalgebras of C(G). In particular,
we show that for admissible G (deﬁnition below) the subgroup N(G), usually deﬁned
explicitly in terms of the -topology, is determined by the action of left translation on
C(G,). §3 introduces the spaceM(G) of those regular Borel measures on G for which
we can deﬁne a natural convolution product. This algebra, and some of its subalgebras,
agree with the usual spaces deﬁned on topological groups if and only if the compact
Hausdorff right topological group is in fact a topological group. Consequences of the
structure theorem for countably admissible compact Hausdorff right topological groups
are considered in §4; paralleling the system of subgroups we have a system of closed
subalgebras of M(G). §5 considers subalgebras of the algebra C(G) of continuous
complex-valued functions on G which are associated with the -topology, linking back
to results of §2. In §6 we deﬁne and study the Fourier–Stieltjes algebra B(G)(G) for a
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compact Hausdorff right topological group G. §7 considers our constructs for speciﬁc
examples of compact Hausdorff right topological groups. Finally, §8 lists some open
questions.
1. Preliminaries
A ﬂow (S, X) on a compact Hausdorff space X is a semigroup S of continu-
ous self-maps of X. Thus x → sx is continuous for each x ∈ X, and s(t (x)) =
(s ◦ t)(x) for s, t ∈ S, x ∈ X. Such an S is a subsemigroup of the set XX of
all self-maps on X, and has separately continuous multiplication. Its closure  un-
der the product topology in XX is called the enveloping semigroup of S, in which
multiplication is right, but not necessarily left continuous. That is, for all  ∈ , the
map  →  :  →  is continuous. Those points where multiplication is also left
continuous,
() = { ∈  :  →  is continuous → },
form the topological centre of . Necessarily S ⊆ (), so the latter is dense in .
The ﬂow is distal if x = y whenever lim sx = lim sy for some net (s) in S.
There is a strong connection between compact right topological groups and distal
ﬂows. In particular, we have the following result.
Theorem 1.1 (Ellis [7]). A ﬂow (S, X) is distal if, and only if, its enveloping semigroup
is a group.
In view of this result, the enveloping semigroup of a distal ﬂow is generally termed
the Ellis group of the ﬂow. From above it has dense topological centre, that is, it is
admissible in the terminology of [25]. We also recall the notation of [25] that G is
countably admissible if (G) has a countable subset which is dense in G.
We will make repeated use of the following fundamental result.
Theorem 1.2 (Ellis [6, Theorem 2]). Suppose G is a group with locally compact
topology under which multiplication is separately continuous. Then G is a topological
group, that is, multiplication is jointly continuous and inversion is continuous.
For G a metrizable admissible group, (G) is compact [2, Corollary 1.4.7], whence
(G) = G. Thus multiplication in G is separately continuous and so by Theorem 1.2
G is in fact a topological group. This observation was also noted in [25].
Let G = (G, ) be a compact Hausdorff right topological group. Note that  is
the weak topology determined by C(G). As well as the given topology , we will
need to consider the topology  deﬁned as the quotient topology determined by the
map (G, ) × (G, ) → G : (x, y) → x−1y. Then (G,) is a compact T1 group with
separately continuous multiplication and continuous inversion. In particular, (G,) is
always admissible. Several results about this topology from [25,21] will be important
in this paper and for convenience they are summarised in the following; see also
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[2, Appendix C]. For a -closed subgroup L of G, set
N(L) =
⋂
{W : W a -closed -neighbourhood of e in L}.
Note that in the case that G is admissible,
N(L) =
⋂
{U−1U : U is a -open -neighbourhood of e in L}.
Theorem 1.3. Let (G, ) be a compact Hausdorff right topological group, L a -closed
subgroup of G. Then
(o) the topologies  and  coincide if and only if G is a topological group;
(i) N(L) is a -closed subgroup of L; when G is admissible, N(L) is normal in G
whenever L is normal in G;
(ii) the map
G/N(L)× L/N(L)→ G/N(L) : (sN(L), tN(L)) → stN(L)
is jointly continuous with respect to the quotient  topologies;
(iii) the quotient  and  topologies are identical on L/N(L), and (L/N(L), ) is a
compact Hausdorff topological group;
(iv) if K is a subgroup of G with (G/K,) Hausdorff, then K ⊇ N(G);
(v) if f : G → X is a -continuous function into a Hausdorff space X then there is
f : G/N(G)→ X with f = f ◦ , where  : G→ G/N(G) is the quotient map;
(vi) if G is countably admissible, and L = {e}, then N(L) = L.
Speciﬁcally, (o) is clear from Theorem 1.2, (i) is [25, Proposition 2.1(1)] with
normality considered in [21], (ii) is [25, Proposition 2.1(3′)], (iii) is [25, Proposi-
tion 2.1(2)], (iv) and (v) are [25, Corollary 1.1] applied to (G,), and (vi) is [25,
Theorem 2.3].
It is important to note that the -topology used on a subgroup or quotient will always
be the relative topology-induced from (G,), rather than that induced, in the case of
a subgroup L, from the corresponding map  : L× L→ L. The topology induced by
 is generally strictly stronger.
A strong normal system of subgroups of G is a well ordered set {L	 : 		0} of
-closed normal subgroups of G indexed by the ordinals less than or equal to 	0, which
satisﬁes the following two conditions:
(i) L0 = G, L	0 = {e}, and for each limit ordinal 		0, L	 =
⋂
<	 L.
(ii) for each 	 < 	0, L	+1 ⊂ L	, G/L	 is Hausdorff; and the map
G/L	+1 × L	/L	+1 → G/L	+1 : (sL	+1, tL	+1) → stL	+1
is continuous with respect to the quotient topologies induced by .
(iii) for each 	 < 	0, L	/L	+1 is a nontrivial compact Hausdorff topological group.
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Theorem 1.4 (Furstenberg–Ellis–Namioka [9,25,2,21]). Let G be a compact Hausdorff
right topological group which is countably admissible. Then G admits a strong normal
system (L	)		0 such that L	+1 = N(L	) for 	 < 	0.
Thus the structure of a large class of compact right topological groups is well
understood. In fact, Theorem 1.4 enables one to show the following result which is the
springboard for our present investigations.
Theorem 1.5 (Milnes and Pym [21]). Let G be a compact Hausdorff right topological
group that has a strong normal system of subgroups. Then G admits a unique right
invariant probability measure, which is also left invariant (under (G)).
Henceforth we will assume that G has such a measure, denoted by 
, or 
G if it is
necessary to specify the group G, and Lp(G) will refer to this measure. Note this does
not imply that G has a strong normal system, [21], such an assumption will explicitly
be made as necessary. (On the other hand, as noted in [18], no example seems to be
known where such a measure fails to exist.)
When working in a right topological group one can assume essentially no continuity
of left translation and meticulous care is needed in calculations. For example, for a
continuous function f, the map (s, t) → f (st), though continuous as a function of s for
each ﬁxed t, need not even be Borel measurable as a function of t, so standard Fubini
arguments cannot be applied. For such reasons we may often appear to be labouring
the point in an argument.
We will need to make repeated use of the following result of Grothendieck, see [4,
Theorem IV.6.14] or [2, Corollary A.6].
Theorem 1.6. Let X be a compact Hausdorff space, K a norm-bounded subset of C(X).
Then K is weakly compact if and only if K is compact in the topology of pointwise
convergence, in which case the two topologies agree on K.
To set some notation, given a function f (resp. ) on G, for x ∈ G denote right
translation of f (resp. ) variously by
x(f )(t) = fx(t) = f (tx), x()(E) = x(E) = (Ex) (t ∈ G,E ⊆ G Borel)),
and left translation, only for x ∈ (G) in the case of measures, by
x(f )(t) = xf (t) = f (xt), x()(E) = x(E) = (xE) (t ∈ G,E ⊆ G Borel)).
We also set
fˇ (x) = f (x−1) (x ∈ G).
M(G) will denote the space of complex-valued regular Borel measures on G, C(G)
the space of continuous functions on G, B(G) the space of bounded Borel measurable
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functions on G. Where convenient we will identify an element of B(G) or L1(G) with
the measure it induces via Haar measure. Note that these refer to G taken with its
given Hausdorff topology , so that C(G) = C(G, ), etc. Where necessary (§§ 2, 5,
6), we use C(G,) to indicate the use of the topology , as deﬁned above.
Finally, on a point of notational convenience, given a group G and normal subgroup
L, the quotient map G → G/L (respectively, coset xL for x ∈ G), will be denoted
generically by  (respectively, x), subscripted by L where needed for clarity. Further,
if L is a closed normal subgroup, ˜ will denote the induced map C(G/L) → C(G) :
f → f ◦ .
2. Invariant subalgebras of C(G) and a characterization of N(G)
Let G be a compact Hausdorff right topological group, and take A to be a nonempty
subset of C(G). Set
H = H(A) = {y ∈ G : yf = f for all f ∈ A}.
Note that replacing A by the unital C∗-algebra it generates in C(G) does not change H.
Lemma 2.1. Let G be a compact Hausdorff right topological group, A a translation
invariant unital C∗-subalgebra of C(G). Then
(i) H is a -closed normal subgroup of G;
(ii) ˜H is an isometric isomorphism of C(G/H) onto A;
(iii) G/H is a compact Hausdorff topological group;
(iv) A = {f ∈ C(G) : yf = f for all y ∈ H }.
Proof. (i) Clearly H is a closed subgroup of G. Now, for f ∈ A and y ∈ H ,
f (ys) = f (s) for all s ∈ G, and so for x ∈ G, xf ∈ A. Hence for t ∈ G,
xyx−1f (t) = xf (yx−1t) = xf (x−1t) = f (xx−1t) = f (t),
so that H is normal. That H is -closed follows from (iii) below together with
[25, Theorem 1.3].
(ii) For y ∈ H , and f ∈ A, we have f (ys) = f (s) for all s ∈ G, so that f is
constant on cosets of H, that is, f = f ◦  for a uniquely determined f ∈ C(G/H).
Thus ˜H (C(G/H)) ⊇ A. For y ∈ G\H , there is f ∈ A such that yf = f . Thus there
is x ∈ G such that f (yx) = f (x), that is, fx(y) = fx(e). But fx ∈ A, so we have
f (y) = f (e). It follows that {f : f ∈ A} separates the points of G/H . Hence G/H
is Hausdorff. Thus {f : f ∈ A} is a unital self-adjoint point-separating subalgebra of
C(G/H) and is isometric to A. By the Stone–Weierstraß theorem {f : f ∈ A} must
equal C(G/H). Thus ˜H (C(G/H)) = A.
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(iii) Suppose that x → x and y ∈ G/H . Compactness gives a subnet x → z in G
with z = x. Thus for f ∈ C(G/H), with f = f ◦ ,
f (yx) = yf (x)→ yf (z) = f (yx).
This holds for any choice of subnet, so that f (yx) → f (yx). Thus multiplication in
G/H is separately continuous, and being Hausdorff (see proof of (ii)), it follows by
Theorem 1.2 that G/H is a topological group.
(iv) This is clear from (ii). 
Theorem 2.2. Let G be a compact Hausdorff right topological group which is
admissible. Then
H(C(G,)) = N(G).
Proof. We write H = H(C(G,)) and N = N(G) to simplify notation. The inclusion
{f ◦  : f ∈ C(G/N)} ⊆ C(G,) is clear. Conversely, Theorem 1.3(v) shows that
given f ∈ C(G,) there is f : G/N → C with f ◦  = f . Further, for any V ⊂ C
open, f−1(V ) is -open since f ∈ C(G,), so that f−1(V ) is open in G/N . That
is, f−1(V ) is open. Thus f ∈ C(G/N). So we have
˜N(C(G/N)) = C(G,).
For x ∈ N , there is f ∈ C(G/N) with f (x) = f (e). But then f = f ◦  ∈ C(G,)
by above, and f (x) = f (e). Thus x ∈ K . So we have H ⊆ N . Interchanging the
roles H and N, and using Lemma 2.1(ii) gives the reverse inclusion. Thus H = N as
required. 
Remark. Note that C(G,) = C(G) if and only if C(G,) separates points of G, if
and only if N(G) = {e}, if and only if G is a topological group.
For f ∈ C(G) and x ∈ G\(G), it is generally the case that xf ∈ C(G). Deﬁne
Cc(G) = {f ∈ C(G) : xf ∈ C(G) for all x ∈ G},
requiring that the left orbit in CG of the function under consideration lies in C(G). In
the admissible case there is an alternative condition involving only continuous functions.
For f ∈ C(G), let RO(f ) = {fx : x ∈ G} ⊆ C(G) be the right orbit of f. Deﬁne the
continuous almost periodic functions on G by
AP(G) = {f ∈ C(G) : RO(f ) is relatively norm compact},
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and the continuous weakly almost periodic functions on G by
WAP(G) = {f ∈ C(G) : RO(f ) is relatively weakly compact}.
Proposition 2.3. Let G be a compact Hausdorff right topological group. Then:
(i) Cc(G) separates the points of G if and only if G is a topological group;
(ii) C(G,) ⊆ Cc(G) ⊆ AP(G);
(iii) if G is admissible then C(G,) = Cc(G) = AP(G) = WAP(G).
Proof. (i) Almost by deﬁnition, multiplication in G is separately continuous under
the weak topology determined by Cc(G), so if Cc(G) is point separating, this weak
topology is Hausdorff and is weaker than the original topology of G. So the two
topologies must agree. Hence G is a topological group by Theorem 1.2.
(ii) Let f ∈ C(G,), so that there is f ∈ C(G/N(G)) with f = f ◦ . Supposing
x → x in G, and y ∈ G,
yf (x) = f (yx) = f (yx)→ f (yx) = yf (x).
Thus yf ∈ C(G) for all y ∈ G, so f ∈ Cc(G).
Set H = H(Cc(G)). For f ∈ C(G/H), the set {f x : x ∈ G/H } is relatively norm
compact since G/H is a compact topological group. Thus RO(f ) is relatively norm
compact. Consequently Cc(G) ⊆ AP(G) by Lemma 2.1(b).
(iii) Now suppose G is admissible, and take f ∈ C(G) such that {fx : x ∈ G} is
weakly compact in C(G), whence certainly in "∞(G). Then by [2], Theorem 4.2.3,
{xf : x ∈ G} is relatively weakly compact in "∞(G). Now for z ∈ (G), zf ∈ C(G),
and for any y ∈ G, yf lies in the pointwise closure of the relatively compact set {zf :
z ∈ (G)} in C(G). For z ∈ G take y → z with y ∈ (G). Certainly yf → zf
pointwise. But by weak compactness, there is a subnet (y′) such that y′f converges
weakly to an element of C(G). But then such an element must equal zf , which is
thus continuous. It follows that WAP(G) ⊆ Cc(G). Finally, AP(G) = C(G,) by
Theorem 2.2 above and [20, Theorem 6]. 
3. Measure algebras on compact right topological groups
Throughout this section G will be a compact Hausdorff right topological group with
Haar measure 
 = 
G.
Consider the problem of deﬁning a multiplication on M(G). To this end we introduce
the following deﬁnition.
For  ∈ M(G), f ∈ B(G), deﬁne a bounded function by
(f · )(x) = 〈, fx〉 =
∫
G
f (yx) d(y) (x ∈ G). (3.1)
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We deﬁne subsets of M(G) as follows:
M(G)= { ∈ M(G) : f ·  ∈ C(G) for all f ∈ C(G)},
L(G)=M(G) ∩ L1(G),
Lc(G)= { ∈ M(G) : x → x−1 : G→ (M(G), ‖ · ‖) continuous}.
In the case of a topological group G, we haveM(G) = M(G) and L(G) = Lc(G) =
L1(G), the last equality by [27, Theorem 1.6].
For  ∈ Lc(G), f ∈ C(G), x ∈ G,
(f · )(x) = 〈, fx〉 = 〈x−1 , f 〉.
It follows that Lc(G) ⊆M(G).
Convolution is deﬁned for measures in M(G): indeed for f ∈ C(G), ,  ∈M(G),
deﬁne
〈, f 〉 = 〈, f · 〉. (3.2)
Then for f ∈ C(G), t ∈ G,
〈, ft 〉 = 〈, ft · 〉,
where
(ft · )(s) = 〈, (ft )s〉 = 〈, fst 〉 = (f · )t (s) (s ∈ G),
so that
ft ·  = (f · )t . (3.3)
But f ·  ∈ C(G), and hence 〈, (f · )t 〉 ∈ C(G) since  ∈M(G). Thus M(G) is an
algebra under .
If n →  in M(G), then for any f ∈ C(G),
‖f · − f · n‖∞ = sup
x∈G
|〈− n, fx〉|‖− n‖ · ‖f ‖∞ → 0,
so that  · f ∈ C(G) by uniform convergence. Thus M(G) is a closed subspace of
M(G).
Further, for ,  ∈M(G), f ∈ C(G),
|〈, f 〉 = |〈, f · 〉|‖‖ ‖f · ‖∞‖‖ ‖‖ ‖f ‖∞,
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so the norm is submultiplicative. If, further,  ∈M(G),
〈(), f 〉 = 〈, f · 〉
= 〈, · (f · )〉.
Here (
 · (f · ))(x)= 〈, (f · )x〉
= 〈, fx · 〉 by (3.3)
= 〈, fx〉
= (f · ())(x),
so that
〈, · (f · )〉 = 〈, f · ()〉 = 〈(), f 〉.
Thus () = (), and so  is associative.
To summarize, we have the following.
Proposition 3.1. Let G be a compact Hausdorff right topological group. With the
product  given by (3.2), M(G) is a Banach algebra of measures on G.
Proposition 3.2. Let G be a compact Hausdorff right topological group such that
C(G) ⊆M(G). Then G is a topological group.
Proof. The proof uses some observations of [18]. For f, g ∈ C(G), the map
x → (h · f )(x) is continuous since f ∈ M(G) (here denotes complex conjuga-
tion). But
(h · f )(x) = 〈f, xh〉 =
∫
f (t)h(tx)d
(t)
whence
|(h · f )(x)|‖f ‖2 · ‖xh‖2 .
By density of C(G) in L2(G), we may thus extend the domain of the x to L2(G)
to give a continuous map  : x → x : G → B(L2(G)). The map  is just the right
regular representation of G into the unitary group on L2(G) and as such is faithful. But
 is also continuous with the unitary group given the weak operator topology, whence
(G) is compact. Since multiplication is separately continuous in the weak operator
topology, (G) must therefore be a topological group by Theorem 1.2, homeomorphic
to G. 
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Corollary 3.3. Let G be a compact Hausdorff right topological group. Then L(G) =
L1(G), or Lc(G) = L1(G), or M(G) = M(G) if and only if G is a topological group.
Proof. Each of the equalities ensures that C(G) ⊂ M(G), so Proposition 3.2 applies.
Conversely, if G is a topological group,  ∈ M(G), f ∈ C(G),
x → 〈, fx〉 =
∫
f (tx) d(t)
is continuous by the uniform continuity of f, whence M(G) = M(G) and so
L(G) = L1(G). Continuity of  → x−1 necessitates  absolutely continuous by
[27, Theorem 1.6]. 
Corollary 3.4. Let G be a compact Hausdorff right topological group. For each 1p <
∞ the map x → x : G → B(Lp(G)) is continuous in the weak operator topology if
and only if G is a topological group.
Proof. For f, g ∈ C(G), x → 〈f, xg〉 is continuous, so C(G) ⊆ L(G). 
By Corollary 3.3, M(G) = M(G) unless G is a topological group. So the question
arises as to which measures necessarily lie in M(G). Deﬁne
D(G) = {g ∈ C(G) such that (yg)ˇ∈ C(G) for each y ∈ G}.
Proposition 3.5. Let G be a compact Hausdorff right topological group. Then M(G)
contains: (i) "1((G)); (ii) the Haar measure 
 of G; (iii) D(G).
Proof. (i) Since x ∈ (G) if and only if y → xy is continuous, if and only if
y → f (xy) = (f ·x)(y) is continuous for each f ∈ C(G), if and only if x ∈M(G),
we have
M(G) ∩ {x : x ∈ G} = (G).
It follows that
M(G) ∩ "1(G) ⊇ "1((G)).
(ii) is clear.
(iii) Suppose that g has the speciﬁed property. Then if x → x in G, and y ∈ G
g(yx−1 ) = gx−1 (y)→ gx−1(y) = g(yx−1). (3.4)
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Thus the map x → gx−1 is continuous when viewed as a map from G to C(G) with
the product (= pointwise) topology. Since G is compact, the set
Kg = {gx−1 : x ∈ G}
is a compact subset of (C(G), pointwise). But then by Theorem 1.6, Kg is a com-
pact subset of (C(G),weak), and the two topologies agree. Thus x → gx−1 : G →
(C(G),weak) is continuous. Now for f ∈ C(G),
(f · g)(x) = 〈g, fx〉 =
∫
f (yx)g(y)d
(y) =
∫
f (y)g(yx−1)d
(y),
a continuous function of x by (3.4). It follows that g ∈M(G). 
Let L be a closed proper normal subgroup of G such that G/L is a topological
group. (Such L always exists when G is a countably admissible compact Hausdorff
right topological group by Theorem 1.3(iii), (vi).) For f ∈ C(G/L), setting f = f ◦ 
deﬁnes f ∈ C(G). Then
(yf ) (ˇx) = f (yx−1) = f ((yx−1)
which is a continuous function of x because G/L is a topological group. Thus
f ∈ D(G).
Lemma 3.6. Let G be a compact Hausdorff right topological group. Let  ∈ M(G).
The map x → x−1 : G→ (M(G),weak∗) is continuous with norm separable range if
and only if x → x−1 : G→ (M(G), ‖ · ‖) is continuous.
Proof. “If” is clear. For the converse we ﬁrst note that it sufﬁces to show the desired
continuity at one point. For suppose x → x−1 : G → (M(G), ‖ · ‖) is continuous
at x0, and take z → z in G. Then zz−1x0 → x0 so that x−10 zz−1 → x−10 . But the
change of variable w = yx−10 z shows that
‖
x−10 zz
−1

− 
x−10
‖ = ‖
z−1 − z−1‖.
Now let K = {x−1 : x ∈ G}, a compact subset of (M(G),weak∗). The closed balls
in (M(G), ‖ · ‖) are certainly (M(G),weak∗)-closed. Thus [24, Corollary 1.3] applies
to show that the map (K,weak∗)→ (K, ‖ · ‖) has a point of continuity. 
Note that G acts continuously on Lc(G) on the right, so inducing a continuous action
of L1(G) on Lc(G).
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Proposition 3.7. Let G be a compact Hausdorff right topological group. Then
(i) Lc(G) consists of those elements of M(G) which have separable orbit under the
right action of G;
(ii) For  ∈ Lc(G), E ⊂ G Borel, the map x → (Ex−1) is continuous;
(iii) Lc(G) is a closed left ideal of M(G), in particular, Lc(G) is invariant under left
translation by elements of (G).
Proof. (i) Suppose that  ∈ M(G) has separable orbit. Since  ∈ M(G), we know
that the map x → x−1 : G → (M(G),weak∗) is continuous, so  ∈ Lc(G), by
Lemma 3.6. The converse is along the same lines, but is elementary.
For (ii),
(Ex−1) =
∫
1Ex−1(t) d(t) =
∫
1E(tx) d(t) =
∫
1E(t) dx−1(t)
which is a continuous function of x since x → x−1 is continuous.
For (iii), let  ∈ Lc(G),  ∈M(G), g ∈ C(G). Then
〈()x−1 , g〉 = 〈, gx〉 = 〈, gx · 〉
= 〈, (g · )x〉 by (3.3)
= 〈x−1 , g · 〉
= 〈x−1 , g〉.
Thus ()x−1 = x−1 and so x → ()x−1 : G → M(G) is continuous, that is,
 ∈ Lc(G).
Left invariance follows since x = x−1 for x ∈ (G). 
Corollary 3.8. Let G be a compact Hausdorff right topological group. L1(G) =
{ ∈M(G) :  has separable right orbit} if and only if G is a topological group.
Proof. The equality means that L(G) = L1(G), so G is a topological group by Corol-
lary 3.3. The converse is [13, Theorem 3]. 
Proposition 3.9. Let G be a compact Hausdorff right topological group. L(G) is a
closed right ideal in M(G). In particular, L(G) is invariant under right translation
by elements of (G). Further, if  ∈ L1(G) and for each K ⊂ G compact, x →
||(Kx−1) is continuous, then || ∈ L(G).
Proof. Suppose f ∈ L(G),  ∈ M(G) and let K ⊂ G be compact with 
(K) = 0.
By regularity of 
 and f , for each n ∈ N take an open set Vn ⊃ K such that

(Vn\K) = 
(Vn) < n−1 and (f )(Vn\K) < n−1. Without loss of generality take
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Vn ⊂ Vn−1. Now take continuous functions (n) such that (n) = 1 on K, (n) = 0
outside Vn and 0(n)1.
Then
(f )(K) = 〈f , 1K 〉 = lim
n→∞〈f ,
(n)〉
= lim
n→∞〈,
(n) · f 〉
= lim
n→∞
∫ (∫
f (t)(n)s (t)d
(t)
)
d(s)
= lim
n→∞
∫ (∫
f (t)(n)(ts)d
(t)
)
d(s)
=
∫ (∫
f (t)1K(ts)d
(t)
)
d(s)
=
∫ (∫
f (t)1Ks−1(t)d
(t)
)
d(s)
= 0
since 
(Ks−1) = 0 by invariance.
Thus f  is absolutely continuous. Right invariance follows since x = x−1 .
Finally, suppose that  ∈ L1(G) and for each K ⊂ G compact, x → ||(Kx−1) is
continuous. Let E ⊂ G be Borel, and take compact sets Kn ⊂ E with 
(E\Kn)→ 0.
Then
∣∣∣||(Ex−1)− ||(Knx−1)∣∣∣  ∫
G
|1E(tx)− 1Kn(tx)| d||(t)
=
∫
(E\Kn)x−1
d||(t)
which converges to 0 uniformly in x by absolute continuity of ||. Thus x → ||(Ex−1)
is continuous for each Borel set E, and so x → f · || is continuous for sim-
ple Borel functions f, hence for f ∈ L∞(G), so certainly for f ∈ C(G). That is,
|| ∈M(G) ∩ L1(G) = L(G). 
Proposition 3.10. Let G be a compact Hausdorff right topological group. Let L be a
closed normal subgroup of G such that G/L is a topological group. Suppose further
that 
L ∈M(G). Then, exactly as in the topological group case, invariant integration
over L transforms elements of C(G) to continuous functions constant on the cosets of
L. This deﬁnes a section C(G) → C(G/L) of ˜, mapping f ∈ C(G) to the
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continuous function
(f ) : G/L→ C, x¯ →
∫
f (tx) d
L(t).
The corresponding adjoint map
M(G/L) =M(G/L)→M(G),  → (f → 〈,(f )〉)
gives a section of the restriction ˜∗|M(G). Similarly the mapping f → (f ) induces
a section L1(G/L)→ Lc(G).
Proof. For f ∈ C(G), we have (f ) ∈ C(G/L) because 
L ∈ M(G). For  ∈
M(G/L),
〈, f 〉 = 〈,(f )〉
deﬁnes a measure on G with ˜∗() = . Further
〈, fs〉 = 〈,(fs)〉
=
〈
,
∫
L
fs(tx) d
L(t)
〉
=
〈
,
∫
L
f (txs) d
L(t)
〉
= 〈,(f )s¯〉
is a continuous function of s¯ since G/L is a topological group. Thus  ∈ M(G). It
follows that ˜∗ :M(G)→ M(G/L) is surjective.
Let ,  ∈M(G), f ∈ C(G/L). Then
〈˜∗ ∗ ˜∗, f 〉 = 〈˜∗, f · ˜∗〉,
where (f · ˜∗)(x) = 〈˜∗, f x〉 = 〈, fx〉, so that
〈˜∗ ∗ ˜∗, f 〉 = 〈, 〈, fx〉〉.
Now (with x ∈ G/L),
〈, f x)〉 =
∫
f xd(t) =
∫
f (tx)d(t)
=
∫
fx(t)d(t) = 〈, fx〉 .
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Thus
〈˜∗ ∗ ˜∗, f 〉 =〈, 〈, fx〉〉 = 〈, fx · 〉 = 〈, f 〉
=〈˜∗(), f 〉 .
Now take  ∈ Lc(G), ∈ C(G/L), x ∈ G. Then
〈˜∗(x−1),〉 =〈x−1 ,〉
=
∫
(t) dx−1(t)
=
∫
(tx) d(t)
=
∫
(tx) d(˜∗)(t)
=
∫
(t) d(˜∗)x−1(t)
=〈(˜∗)x−1 ,〉 .
It follows that the map x → (˜∗)x−1 is continuous.
Suppose that x → x in G/L, but that there is a subnet (x) such that (˜∗)x−1 ) →
(˜∗)x−1 . By compactness there is a further subnet (xε) with xε → z for some z ∈ G.
Then xε → z, so that x = z and (˜∗)x−1ε → (˜
∗)z−1 = (˜∗)x−1 , contrary to choice
of (x). Thus x → (˜∗)x−1 is continuous. But then by [5] 1.15(c), ˜∗ ∈ L1(G/L).
For  ∈ L1(G/L) deﬁne  ∈ M(G) by
〈, f 〉 =
〈
,
∫
f (tx)d
L(t)
〉
.
This is well deﬁned because 
L ∈M(G). Now
‖
x−1 − x−1‖‖x˜−1 − x˜−1‖
which converges to 0 as x → x by absolute continuity of . Thus  ∈ Lc(G). And
˜∗ = :
〈˜∗(), f 〉 = 〈, ˜(f )〉 = 〈, f ◦ 〉 =
〈
,
∫
(f ◦ )(tx)d
L(t)
〉
= 〈, f 〉. 
Remark. One could hope that Lc(G) ⊆ L1(G) by using the argument of [27, Theorem
1.6] as follows. Take  ∈ Lc(G), and K ⊂ G closed with 
(K) = 0. Then, as in
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Proposition 3.9

(1K) = 〈, 
 · 1K 〉
=
∫ (∫
1K(ts) d
(t)
)
d(s)
=
∫ (∫
1Ks−1(t) d
(t)
)
d(s)
= 0.
Rewriting the iterated integral,
0 =
∫ (∫
1K(ts) d(s)
)
d
(t) (3.5)
we would thus have (Ks−1) = 0 
-almost everywhere, hence at the identity by
continuity, so (K) = 0. However, (3.5) makes no sense as s → ts will not be
measurable.
4. Consequences of the structure theorem
Lemma 4.1. Let G be an inﬁnite compact right Hausdorff topological group which is
countably admissible, and take (L	)		0 a strong normal system of subgroups of G
satisfying L	+1 = N(L	). Then for each 	 < 	0, L	+1 is not -open in L	.
Proof. Supposing L	+1 is -open in L	,
L	+2 =
⋂ {U−1U : U is a -open neighbourhood of e in L	+1}
=⋂ {U−1U : U is a -open neighbourhood of e inL	}
=L	+1,
contradicting Theorem 1.3(vi). 
Theorem 4.2. Let G be a compact right Hausdorff topological group which is countably
admissible. Suppose that 
N(G) ∈M(G) and that M(G) is amenable. Then G is ﬁnite.
Proof. Applying Proposition 3.10 with L = N(G), we have M(G/N(G)) is amenable,
hence G/N(G) is discrete by [3]. Being compact, G/N(G) is thus ﬁnite. Hence N(G)
is open, so that G is ﬁnite by Lemma 4.1. 
Remark. We do not know whether the technical condition 
N(G) ∈M(G) is necessary;
see question 7 in §8. It is satisﬁed in Example 7.2.
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Theorem 4.2 depends only on the ﬁrst two stages of Theorem 1.4. We now turn to
use the full structure theorem. Recall that B(G) is the space of bounded Borel functions
on G.
Let L be a closed subgroup of G. By a left measure algebra supported on L we
mean a closed subspace A of M(G) such that for each  ∈ A,
(i) supp() ⊆ L;
(ii) for f ∈ B(G), the function x → 〈, fx〉 lies in B(G).
Since supp() ⊆ L,
〈, fx〉 =
∫
L
f (yx)d(y),
and for x ∈ L, we have Lx ∩ L = ∅, so 〈, fx〉 = 0. Thus in the presence of (i),
assertion (ii) amounts to
(ii′) for f ∈ B(G), the function x → 〈, fx〉 lies in B(L).
Convolution is deﬁned for measures in A: indeed for f ∈ B(G), ,  ∈ A, deﬁne
〈, f 〉 = 〈, f · 〉 .
If f ∈ B(G) vanishes on L, then LL = L implies that f ·  = 0, so 〈, f 〉 = 0.
Thus supp() ⊆ L.
Deﬁne
BM(L) = { ∈ M(L) : f ·  ∈ B(L)for allf ∈ B(G)}.
The same argument as in Proposition 3.1 shows that BM(L) is a left measure algebra
on L.
Remark. BM(G) always contains {y : y ∈ (G)}. In the case that G is a topological
group, then (ii) is satisﬁed for any  ∈ M(G), [28, p. 5]. Thus BM(G) = M(G) in
this situation. The converse is also true by the analogue of Theorem 3.2.
We note that the relation between M(G) and BM(G) is not clear. Certainly for
 ∈ M(G), f ·  is a Baire function for every Baire function f. However, since the
topology of G is not metrizable, the Borel case does not obviously follow.
For L a closed subgroup of G, let rL : BM(G) → BM(L) be the restriction map,
r∗L its adjoint. Further, for ,  ∈M(L),
r∗L(L) = ,
so that r∗L is an isometric isomorphism onto its range r∗L(BM(L)) = A(L). For
m ∈ A, the inclusion supp(m) ⊆ L is clear. For f ∈ BM(G),  ∈ M(L) and
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m = r∗L(),
〈m, fx〉 = 〈, rL(fx)〉 = 〈, (rL(f ))x〉 =
{ 〈, fx〉, x ∈ L,
0, x ∈ L.
Thus A(L) is a left measure algebra supported on L.
Theorem 4.3. Let G be a compact right topological group with a strong normal system
(L	)		0 . Then (r
∗
	 (BM(L	)))		0 is a chain of closed subspaces of M(G) with the
following properties:
(i) for each ordinal 	 < 	0, A	 = r∗	 (BM(L	)) is a left measure algebra supported
on L	 isometrically isomorphic to BM(L	).
(ii) for a limit ordinal 		0,
A	 =
⋂
<	
A.
Proof. (i) is shown above.
(ii) Let 		0 be a limit ordinal. Then L	 =
⋂
<	 L.
Let m = r∗	 () for  ∈ BM(L	), so that supp() ⊆ L	 and x → 〈, fx〉 lies in
B(G) for each f ∈ B(G). For  < 	, L	 ⊂ L so certainly supp() ⊆ L.
Let f ∈ B(G). Then for x ∈ L,
〈r∗ (), fx〉 = 〈, r(fx)〉 =
∫
L	
r(fx)(y)d(y).
But for y ∈ L	,
r(fx)(y) =
{
f (yx), x ∈ L	 since L	 ⊂ L,
0, x ∈ L	 since L	x ∩ L	 = ∅
so that
r(fx) =
{
(rf )x, x ∈ L	,
0, x ∈ L	.
Thus
〈r∗ (), fx〉 =
{ 〈, r(fx)〉 = 〈, r	(fx)〉, x ∈ L	,
0, x ∈ L	
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and hence x → 〈r∗ (), fx〉 lies in BM(G). It follows that m ∈ A. Consequently,
A	 ⊆
⋂
<	
A.
Conversely, suppose m ∈ ⋂
<	
A. Then for each  < 	, supp(m) ⊆ L, so that
supp(m) ⊆ L	. Clearly, for f ∈ B(G), x → 〈m, fx〉 lies in B(G), so that m ∈ A. 
5. Subalgebras using the -topology
The -topology was deﬁned in §1, it is weaker than the given topology on G
which was denoted earlier by . (G,) is a compact, but non-Hausdorff in general,
semitopological group: product is separately -continuous, inversion is -continuous.
So we have a chain of uniformly closed algebras of functions on G:
C(G,) ⊆ Cc(G) ⊆ C(G, ) ⊆ B(G),
where C(G,) and Cc(G) are two-sided invariant. C(G, ) is right invariant, and is
two-sided invariant if and only if multiplication in G is separately continuous, that is,
G is a topological group. We begin by showing that M(G,) = C(G,)∗ is a Banach
algebra under convolution.
Lemma 5.1. Let S be a semigroup,  and  topologies on S such that
(i)  is a compact Hausdorff topology on S;
(ii) ;
(iii) (S,) is a semitopological semigroup.
Then M(S,) is a Banach algebra under the convolution products  and  deﬁned,
for ,  ∈ M(S,), f ∈ C(S,), x ∈ G,
〈, f 〉 = 〈, f · 〉, (f · )(x) = 〈, fx〉;
〈 , f 〉 = 〈,  · f 〉, ( · f )(x) = 〈, xf 〉;
and the two products agree.
Proof. For these to be deﬁned, we need x → 〈, fx〉 and x → 〈, xf 〉 to be
-continuous. The proof is the same in each case. Denote by  the topology of point-
wise convergence on C(S,).
First observe that C(S,) is a closed subspace of C(S, ). For  ∈ C(S,)∗, let ˆ be
an extension to C(S, ), and suppose x → x in S. For each y ∈ S, left multiplication
by y is -to- continuous and so for f ∈ C(S,), fx
−→fx . Thus the orbit {fx : x ∈ S}
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is pointwise compact as a subset of C(S, ). But then by Theorem 1.6, {fx : x ∈ S}
is weakly compact. So  and  agree on the orbit, so that fx
weak−→fx in C(S, ). Thus
x → 〈ˆ, fx〉 = 〈, fx〉 is -continuous.
The same argument as in Proposition 3.1 shows  is associative and norm-
submultiplicative.
Note that for ﬁxed  ∈ M(S,), the map  →  is weak∗-continuous. For if

weak∗−→ , then for any f ∈ C(S,),
〈, f 〉 = 〈, f · 〉 → 〈, f · 〉 = 〈, f 〉.
A similar argument shows that for ﬁxed , the map  →   is weak∗-continuous.
In fact, for each ﬁxed  ∈ M(S,), the map  →    is also weak∗-to-weak∗
continuous. By Kreı˘n-Šmulian Theorem, see [4, V.5], it sufﬁces to prove weak∗-to-
weak∗continuity when restricted to the unit ball K. Let ˆ ∈ C(S, ) be an extension of
, ﬁx f ∈ C(S,) and consider the function
h : S ×K → C : (x, ) → 〈, xf 〉.
Then h is separately continuous with respect to the -topology on S and the weak∗-
topology on K. That is, for each  ∈ K , the function h() : x → h(x, ) lies in
C(S,) ⊆ C(S, ), and  → h() is continuous with respect to the pointwise topology
 on C(S). Thus {h() :  ∈ K} is -compact, so weakly compact by Theorem 1.6,
and  agrees with the weak topology on this set.
Now let 
weak∗−→  in K. Certainly h() −→h(). Then h()weak−→h(), so in particular,
〈 , f 〉 = 〈, h()〉 = 〈ˆ, h()〉 → 〈ˆ, h()〉 = 〈, h()〉 = 〈 , f 〉.
Now for y ∈ S,  ∈ M(S,),
(x)(f ) = 〈, f · y〉 = 〈, yf 〉〈y,  · f 〉 = (x  )(f ).
Given  ∈ M(S,), extend  to ˜ ∈ C(S)∗. Then ˜ is the weak∗-limit in M(S) of ﬁnite
linear combinations ˜ =
∑
()i x()i
. In particular  = ˜
∣∣
C(S,)
weak∗−→  in M(S,).
The demonstrated weak∗-continuity immediately gives  =  . 
Remark. The idea of this proof goes back as least as far as [10]. The hypotheses
of compactness in Lemma 5.1 is important. For let G be any group and take  =
 the discrete topology. Then C(G,) = "∞(G), and  =    for all ,  ∈
"∞(G)∗ is equivalent to Arens regularity of "1(G), which is equivalent to G being
ﬁnite [29].
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C(S,) is a commutative C∗-algebra under pointwise operations, so that M(S,)∗
is a commutative W∗-algebra. Further,
〈, 1〉 = 〈, 〈, 1〉1〉 = 〈, 1〉〈, 1〉,
so that 1 acts as a multiplicative linear functional on M(S,). Thus M(S,) is an
F-algebra as deﬁned in [14]. The state space
K(G,) = { ∈ M(G,) : 0, ‖‖ = (1) = 1} (5.1)
of C(S,) is a semigroup under .
Theorem 5.2. Let G be a compact Hausdorff right topological group which is ad-
missible. Then ˜ : (C(G/N(G)), ‖ · ‖∞) → (C(G,), ‖ · ‖∞) and ˜∗ : M(G,) →
M(G/N(G)) are isometric isomorphisms.
Proof. The statement about ˜ follows from Lemma 2.1(ii) and Theorem 2.2.
To show that ˜∗ preserves products, take ,  ∈ M(G,), f ∈ C(G/N(G)),
f = ˜(f ), s ∈ G, s = (s). Then ( · f )(s) = 〈, sf 〉 = 〈, s(f ◦ )〉 where, for
t ∈ G, s(f ◦ )(t) = f (st) = sf (t). Thus
〈˜∗( ), f 〉 = 〈 , ˜(f )〉 = 〈 , f 〉 = 〈,  · f 〉 = 〈, s(f ◦ )〉.
Now
〈, s(f ◦ )〉 = 〈, sf (t)〉 = 〈, sf ◦ 〉 = 〈, ˜(sf )〉 = 〈˜∗(), sf 〉 = (˜∗() · f )(s).
Thus we have,
〈˜∗( ), f 〉 = 〈, ˜(˜∗() · f )〉 = 〈˜∗(), ˜∗() · f 〉 = 〈˜∗() ∗ ˜∗(), f 〉. 
We need a simple lemma.
Lemma 5.3. Let G be a compact Hausdorff right topological group which is admissible.
Let f ∈ C(G,) considered as a measure on G, and suppose that f ∈ C(G,)⊥. Then
f = 0.
Proof. We have
0 = 〈f, h〉 =
∫
G/N(G)
f (t)h(t)d
G/N(G)(t) (h ∈ C(G/N(G)).
Thus f = 0, 
G/N(G) almost everywhere. By continuity f = 0 everywhere, and so
f = 0 on G. 
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Lemma 5.4. Let G be a compact Hausdorff right topological group which is admissible.
Then C(G,) is an algebra under , and for f , g ∈ C(G/N(G)),
˜(f ∗ g) = ˜(f )˜(g).
Further, ˜ extends to an isometric isomorphism of L1(G/N(G)) onto the ‖ · ‖1-closure
of C(G,) in Lc(G).
Proof. Take f , g ∈ C(G/N(G)), h ∈ C(G,). Then
〈˜(f )˜(g), h〉 = 〈f g, h〉
=
∫
G
g(x)
(∫
G
f (t)h(tx)d
G(t)
)
d
G(x)
=
∫
G/N(G)
g(x)
(∫
G
f (t)h(tx)d
G(t)
)
d
G/N(G)(x)
=
∫
G/N(G)
g(x)
(∫
G
f (t)h(tx)d
G/N(G)(t)
)
d
G/N(G)(x)
= 〈f ∗ g, h〉
= 〈˜(f ∗ g), h〉 ,
where the equating of integrals follows by invariance, and the uniqueness of the Haar
integral on the topological group G/N(G). The result now follows from
Lemma 5.3. 
It follows from Lemma 5.4 that ˜−1 : (C(G,) , ‖ · ‖1) → L1(G/N(G)) is an
isometric isomorphism.
Theorem 5.5. Let G be a compact Hausdorff right topological group which is admis-
sible. Suppose that M(G) or Lc(G) is Arens regular. Then G is ﬁnite.
Proof. Since regularity is inherited by closed subalgebras, the hypothesis ensures that
the ‖·‖1-closure of C(G,) in Lc(G) is Arens regular. By Lemma 5.4, L1(G/N(G)) is
Arens regular. Thus G/N(G) is ﬁnite by [29]. But then G is ﬁnite by
Lemma 4.1. 
Deﬁne
Lc (G) = { ∈ M(G) : x → x−1 : (G,)→ (M(G), ‖ · ‖) is continuous}.
We note that since inversion is -continuous, we could equally well demand the con-
tinuity of x → x .
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Proposition 5.6. Let G be a compact Hausdorff right topological group which is
admissible.
(i) C(G,) ⊆ Lc (G) ∩ C(G) ⊆ Lc(G) ∩ C(G);
(ii) C(G) · Lc (G) ⊆ C(G,).
Proof. (i) Take f ∈ C(G,) ⊂ C(G), and let  = f denote the measure induced by
f. There is f ∈ C(G/N(G)) such that f (s) = f (s), s ∈ G. Further, for x ∈ G, x−1 =
fx . Now  : (G,) → (G/N(G),) : x → x is continuous, and (G/N(G),) →
(C(G/N(G),), ‖ · ‖∞) : x → f x is continuous. Thus (G,) → (C(G,), ‖ · ‖1) :
x → fx is continuous. But the natural map C(G/N(G),)→ C(G,) is an isometry
under the respective ‖ · ‖1 norms since
∫
f (s)d
G/N(G)(s) =
∫
f (s)d
G(s),
which holds because each side is a right translation invariant positive linear functional
of norm 1 on C(G/N(G)). Thus x → x−1 is continuous, and so f ∈ Lc (G).
(ii) is clear. 
Remark. A consequence of (ii) is that if  ∈ Lc (G) ∩ C(G,)⊥ then 〈, f 〉 =
〈, f · 〉 = 0 for f ∈ C(G), so that  = 0. Is  in fact zero?
6. The Fourier–Stieltjes algebra B(G)
Let Gd denote the group G with the discrete topology, C∗(Gd) the group C∗-algebra
of Gd , that is, the completion of "1(G) under the norm
sup

{‖(f )‖ :  is a non-degenerate representation of "1(G)}.
In the case that Gd is amenable, then C∗(Gd) # C∗(G), the norm closure of 〈(x) :
x ∈ G〉 in B("2(G)), where (x)h(y) = h(x−1y), h ∈ "2(G), x, y ∈ G.
Recall that a function f on G is positive deﬁnite if for all x1, . . . , xn ∈ G and
1, . . . , n ∈ C, ∑ ij f (xix−1j )0.
Let P(Gd) be the set of positive deﬁnite functions on G, P(G) = P(Gd) ∩ C(G)
those that are continuous. Set B(Gd) to be the span of P(Gd). Then B(Gd) can be
identiﬁed with C∗(Gd)∗, [8, 2.6], and becomes a commutative Banach algebra under
pointwise operations and the induced norm.
In the case that G is a compact topological group, C∗(G)∗ = B(G) = B(Gd)∩C(G)
and the norms agree [8, Corollaire 2.24]. We take this intersection as the deﬁnition of
B(G) for G a compact Hausdorff right topological group. As in the topological group
case call B(G) the Fourier–Stieltjes algebra of G.
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For a compact Hausdorff right topological group G it is not immediately clear which
functions lie in B(G). Set P(G,) = P(G)∩C(G,) and B(G,) = B(G)∩C(G,).
Lemma 6.1. Let G be a compact Hausdorff right topological group which is admissible.
Then 〈P(G,)〉 is isometrically isomorphic to B(G/N(G)).
Proof. Take f ∈ P(G,). Then by Proposition 5.2 there is f ∈ C(G/N(G)) such that
f = f ◦ , and clearly f is positive deﬁnite. This correspondence lifts to an injection
from 〈P(G,)〉 → 〈P(G/N(G))〉 = B(G/N(G)). It is also an isometry, since the norm
of f ∈ B((G/N(G))d) agrees with the norm of f = f ◦  ∈ B(Gd), [8, Corollaire
2.24], and also agrees with that of f ∈ B(G/N(G)), [8, Corollaire 2.26]. 
We have an analogue of Theorem 2.2. Set
K = K(G) = {y ∈ G : yf = f for all f ∈ B(G,)}.
Theorem 6.2. Let G be a compact Hausdorff right topological group which is admis-
sible. Then
K(G) = N(G).
and
B(G,) = {f ◦  : f ∈ B(G/N(G))}.
Proof. The same argument as in Lemma 2.1 shows that K is a -closed normal sub-
group and elements of B(G,) are constant on cosets of G/K . Further (G/K,)
is Hausdorff, so that the  and  topologies agree on G/K and G/K is a compact
topological group.
Thus given f ∈ B(G,), f = f ◦  for some f ∈ C(G/K). Considering f as an
element of B(Gd), [8, Corollaire 2.26] gives f ∈ B((G/K)d). Thus f ∈ B((G/K)d)∩
C(G/K) = B(G/K), [8, Corollaire 2.24]. Furthermore ‖f ‖ = ‖f ‖.
Proceeding as in Theorem 2.2 shows that K = N(G). 
Corollary 6.3. B(G,) = 〈P(G,)〉, and has spectrum G/N(G).
Deﬁne the analogue of Cc(G):
Bc(G) = {f ∈ B(G) : xf ∈ B(G) for all x ∈ G}.
Proposition 6.4. Let G be a compact Hausdorff right topological group which is ad-
missible. Then B(G) = Bc(G), and B(G) separates points of G if and only if G is a
compact topological group.
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Proof. Note ﬁrstly that B(G) ⊆ WAP(G) = Cc(G) from Proposition 2.3(iii). Thus
for f ∈ B(G) = B(Gd) ∩ C(G), and x ∈ G, we have xf ∈ C(G). But B(Gd) is
translation invariant, and hence xf ∈ B(G). Thus B(G) is (left) translation invariant,
and so B(G) = Bc(G). If B(G) separates points, so does Cc(G) and Proposition 2.3(i)
now shows that G is a topological group. 
This result may not hold if G fails to be admissible, see Example 7.2 below.
Proposition 6.5. Let G be a compact Hausdorff right topological group which is
countably admissible. Suppose that B(G) is Arens regular. Then G is ﬁnite.
Proof. The hypothesis implies that the closed subalgebra B(G,) is Arens regular,
whence so is B(G/N(G)) by Theorem 6.2, so that G/N(G) is ﬁnite, [15]. But as in
Theorem 4.2 this gives that G ﬁnite. 
It follows from Theorem 6.2 that B(G,) may be identiﬁed as the dual of the group
C∗-algebra of G/N(G), and as the predual of VN(G/N(G)), the von Neumann algebra
generated by the left translates on L2(G/N(G)).
In a similar way, we might hope to identify B(G) as the predual of a von Neumann
algebra. The next result shows that this is not possible.
Proposition 6.6. A compact Hausdorff right topological group G is a compact group
if and only if there is a (not necessarily continuous) faithful representation {, H } of
G such that VN(G) = B(G)∗ and 〈(x),〉 = (x), x ∈ G, ∈ B(G).
Proof. Suppose the condition holds for the representation {, H }. For x → x in G,
and  ∈ B(G),
〈(x),〉 = (x)→ (x) = 〈(x),〉.
Thus the map  : G → ((G),weak∗) is a continuous surjective isomorphism.
Since G is compact,  is also a homeomorphism. But multiplication in VN(G) is
separately weak∗-continuous, whence multiplication in G is separately continuous. By
Theorem 1.2, G is a topological group.
The converse is clear. 
It is well known that a compact Hausdorff right topological group cannot have a
faithful continuous unitary representation unless it is a topological group, [19], and the
above is another result of the same kind.
On the other hand, for a topological group, B(G) consists exactly of the coefﬁcient
functions of continuous unitary representations, [8, 2.1]. To see what can be done for
a compact Hausdorff right topological group, we will say that a unitary representation
{, H } of a compact Hausdorff right topological group G is continuous at  ∈ H if
the map x → 〈(x)	, 〉 is continuous for every 	 ∈ H .
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Proposition 6.7. Let G be a compact Hausdorff right topological group. Then
 ∈ P(G) if and only if there is a cyclic representation {, H }, with cyclic vector
, such that {, H } is continuous at  and (x) = 〈(x), 〉.
Proof. Given  ∈ B(G), a standard GNS construction yields a cyclic representation
{, H } with cyclic vector  ∈ H , such that (x) = 〈(x), , 〉 for x ∈ G. If 	 = (y)
for some y ∈ G, then
x → 〈(x)	, 〉 = 〈(xy), 〉
is continuous. Such 	 are norm dense in H, whence the result. 
For example, suppose that g ∈ C(G) satisﬁes (yg)ˇ ∈ C(G) for each y ∈ G. As noted
in Proposition 3.5(iii), this means that g ∈ M(G). Thus for f ∈ L2(G), and  the
right regular representation,
x → 〈(x)f, g〉 =
∫
f (x)g(yx−1) dx
is continuous. Thus g generates an element of P(G). As noted earlier, functions in
C(G,) have the desired properties, but these fail to separate the points of N(G).
7. Examples
We now consider our constructions for some of the standard examples of compact
Hausdorff right topological groups.
The following simple result will be useful.
Proposition 7.1. Suppose that the compact Hausdorff right topological group G
contains an open normal subgroup H such that H and G/H are both compact topo-
logical groups. Then
(i) {f ∈ C(G) : f |H ∈ P(H), f = 0 off H } and {f = f ◦  : f ∈ B(G/H)} lie in
B(G).
(ii) If further, G = H ×G/H as a topological space, then B(G) separates the points
of G.
Proof. (i) For f ∈ B(H), extend f to a function f˜ on G be setting f˜ to be zero off
H. Then f˜ is certainly continuous since H is clopen, and f˜ = f˜1 − f˜2 + i(f˜3 − f˜4)
where each fi ∈ P(H) ∩ C(G). By [11, 32.43], f˜i ∈ P(Gd) and so lie in P(G), so
that f˜ ∈ B(G).
For f ∈ P(G/H), it is clear that f = f ◦  ∈ P(G). The result for B(G/H) is
immediate.
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(ii) Suppose g1 = (h1, t1) = g2 = (h2, t2) are points in H ×G/H . If h1 = h2 there
is f ∈ B(H) separating them. Thus f˜ separates g1, g2. On the other hand, if t1 = t2,
they are separated by some f ∈ B(G/H) whence f ◦ q separates g1, g2. 
Example 7.2. This is Example 4 of [23], (d) of [18], (e) of [19].
Let  ∈ TT be a discontinuous automorphism of period 2 and set
G = T× {1,},
with the product topology and multiplication
(u, ε)(v, ) = (uε(v), ε).
Then G is a compact Hausdorff right topological group with (G) = T× {1}. Noting
that (u, ε)−1 = (ε(u)−1, ε), a basic -closed -neighbourhood of the identity has the
form, for some  > 0,
{(u, ε)−1(t, ) : |u− t | < , ε = } 
= {ε(u−1t), 1)|u− t | < } 
= T× {1}
since (U) is dense in T for any neighbourhood U of 1 ∈ T by Kronecker’s theorem,
[11, 26.19]. Thus N(G) = T× {1}.
Haar measure on G is half of the usual Lebesgue measure on each copy of T. The
centre of G is easily seen to be {(u, 1) : u = (u)}, and this is either ﬁnite or is dense
in T× {1}. (The construction of a possible  given in [23,18,19] ensures density.)
For each function f on T, denote by f the function f supported on T× {}. (This
is consistent with our common usage of this notation for translation.) Clearly any
h ∈ C(G) has a unique decomposition f1 + g where f, g ∈ C(T). In the same way,
 ∈ M(G) can be uniquely be written as 1 + ′ for some , ′ ∈ M(T) (no longer
consistent with translation notation).
For f ∈ C(T),  ∈ M(G),
(f1 · 1)(v, ε)=
∫
G
f1((t, ) · (v, ε))d1(t, ) =
∫
T
f1(tv, ε)d(t)
=
{ ∫
T f (tv)d(t), ε = 1,
0, ε = ,
which is always a continuous function of v. Similarly
(f · 1)(v, ε) =
{ ∫
T f (tv) d(t), ε = ,
0, ε = 1,
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again, a continuous function of v. However,
(f1 · )(v, ε) =
{ ∫
T f (t(v)) d(t), ε = ,
0, ε = 1,
and
(f · )(v, ε) =
{ ∫
T f (t(v)) d(t), ε = 1,
0, ε = .
Let x = 1 in T. Let U be a neighbourhood of 1 in T such that U ∩ xU = ∅, and
set f = 1U . By Kronecker’s theorem there is vn → 1 in T such that (vn)→ x, Thus
∫
f (t(vn))d(t)→
∫
x−1U
d(t).
So if (v, 1) → 〈(v, 1)f, 〉 is continuous it follows that
∫
x−1U
d =
∫
U
d.
This holding for all x = 1, and for all sufﬁciently small U, necessitates  to be a
multiple of Haar measure on T.
Since (u, ε)−1 = (ε(u)−1, ε), it follows that
M(G) = M(T× {1})⊕ C
T×{},
L(G) = Lc(G) = L1(T× {1})⊕ C1T×{},
D(G) = C(T× {1})⊕ C1T×{}.
Further, for f ∈ C(G),
(v, ε) → f ((t, 1) · (v, ε)) = f (tv, ε))
is continuous, but
(v, ε) → f (t,) · (v, ε)) = f (t(v),ε)
is continuous if and only if f is constant on each copy of T. Note that T× {} is the
smallest -closed -neighbourhood of (u,) for any u ∈ T. Thus
Cc(G) = C(G,) = 〈{1T×{1}, 1T×{})〉.
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Finally, the positive deﬁnite functions coming from the right regular representation
of G are those which are constant on the cosets of T, and so are non-negative multiples
of 1T×{1}. However, by Proposition 7.1, B(G) separates the points of G. An analysis
of the representations of G is given in [18].
Example 7.3. This is Example 5 of [23], (e) of [18], (d) of [19] and Remark 1 of
[21]. Set G = {1,−1} × T with product
(ε, u)(, v) = (ε, uv).
For  < , set
A, = {(1, ei), (−1, ei)} ∪ {(±1, ei) :  <  < }.
Topologize G by taking, for each ﬁxed , the basic open (and closed) neighbourhoods
of (1, ei) to be the sets A, for  > , and, for each ﬁxed , A, for  >  to be
the basic neighbourhoods for (−1, ei).
Then G is a compact Hausdorff right topological group, with (G) = {e}, N(G) =
G, so that Cc(G) = Bc(G) = C(G,) = C1. For this group each copy of T is dense
in G. In particular, this means the decomposition of continuous functions on G of the
previous example is not possible.
Set RL(T) to be the space of functions on T which have right and left limits at
every point and are right continuous. For f ∈ RL(T), deﬁne g(t) = f (t−), t ∈ T.
Then
F(ε, u) =
{
f (u), ε = 1,
g(u), ε = −1,
deﬁnes a function in C(G). Indeed, the collection of such functions F separate the
points of G, contain the constants, are closed under conjugation, and are norm closed
in C(G), and so equals C(G) by Stone–Weierstraß. Thus C(G) can be viewed as the
set of pairs (f, g) of functions on T which satisfy the following (redundant) conditions:
(i) f is right continuous;
(ii) for each x ∈ T, f (x−) exists, and equals g(x);
(iii) g is left continuous;
(iv) for each x ∈ T, g(x+) exists, and equals f (x)
In fact for (f, g) ∈ C(G), f (x) = g(x) except for at most countably many x. Indeed,
for n ∈ N, deﬁne
Xn = {x :∈ T, |f (x+)− f (x−)|1/n} .
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Suppose t is a limit point of Xn, and take (xk) ∈ Xn\{t}, with xk → t . For each k
there are yk < xk < zk and on the same side of t with |f (yk) − f (zk)| > 1/(2n).
Clearly inﬁnitely many xk are say, less than t, whence f (t−) fails to exist. Thus each
Xn is ﬁnite.
For u, v ∈ T, denote by [u, v) etc. the anticlockwise segment joining u and v.
Let  ∈ C(G)∗, and deﬁne
h(u) =
{
({1} × [1, u) ∪ {−1} × (1, u]), u = 1,
({1,−1} × T\{1}), u = 1.
Knowledge of h determines  on basic characteristic functions, and hence completely
as these have dense span in C(G). Note that h is of bounded variation.
Take u = 1, and suppose that un ↑ u. Then [1, un) ↑ [1, u), (1, un] ↑ (1, u). Since
 is a measure it follows that h(un) → h(u) − ({−1} × {u}). Similarly, if un ↓ u,
[1, un) ↓ [1, u], (1, un] ↓ (1, u] so that h(un)→ h(u)+ ({1} × {u}).
In the case that u = 1 and un ↓ 1, [1, un) ↓ {1}, (1, un) ↓ ∅, and h(un) →
({1} × {1}). Finally, if un ↑ 1, [1, un) ↑ T\{1}, (1, un) ↑ T\{1}, and h(un) →
({1,−1} × T\{1}).
Suppose now that  ∈ M(G), so that x → (f · )(x) is continuous for each
f ∈ C(G).
Note that for any v ∈ T,
(ε, u)(1, vei/n) = (ε, uvei/n)→ (1, uv)
whereas (1, vei/n)→ (1, v) and
(ε, u)(1, v) = (ε, uv) =
{
(1, uv), ε = 1,
(−1, uv), ε = −1,
whence ∫
G
f (uv) d =
∫
T
f (uv) d(1, u)+
∫
T
f−(uv) d(−1, u),
that is,
∫
T
f (uv) d(−1, u)−
∫
T
f−(uv) d(−1, u) = 0. (7.1)
Set d(−1, ·) =
∑
ixi where
∑ |i | <∞. Take v = 1, and for some ﬁxed i, take
a right continuous f on T that has a jump of 1 at xi and is continuous otherwise. Then
the left side of (7.1) is i , which must thus be zero. Thus
d(−1, ·) = 0. (7.2)
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It follows that h is left continuous except possibly at 1. And left continuity at 1 is
built into the deﬁnition.
Now, for any v ∈ T,
(ε, u)(−1, vei/n) = (−ε, u−1vei/n)→ (1, u−1v),
whereas (−1, vei/n)→ (1, v) and
(ε, u)(1, v) = (ε, uv) =
{
(1, uv), ε = 1,
(−1, uv), ε = −1.
Thus for f ∈ C(G),
∫
G
f (u−1v) d =
∫
T
f (uv) d(1, u)+
∫
T
f−(uv) d(−1, u).
But by (7.2), d(−1, ·) = 0. It follows that if E˜ = {(ε, u−1) : (ε, u) ∈ E}, then
(E) = (E˜). (7.3)
Note that E˜ = E−1 for E ⊆ {1} × T, but E−1 = E for E ⊆ {−1} × T.
Putting symmetry and left continuity together, and noting that
({1} × [1, u))˜ = {1} × T\{1} × [u−1, 1),
and similarly for {−1} × (1, u], we conclude that the map
u → ({1} × T)− ({1} × [u−1, 1))+ ({−1} × T)− ({−1} × (u−1, 1])
is left continuous. Now suppose un ↑ u = 1. Then [u−1n , 1) ↑ (u−1, 1), (u−1n , 1] ↑
(u−1, 1], so that
({1} × [u−1, 1))+ ({−1} × (u−1, 1)) = ({1} × (u−1, 1))+ ({1} × (u−1, 1)).
Thus ({1} × {u−1}) = 0. Thus
d(1, ·) = 0 off {1} × {1}. (7.4)
So h is continuous except possibly at u = 1.
The other two cases to consider, (1, ve−1/n) and (−1, ve−1/n), yield no further
constraints.
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Conversely, if  satisﬁes conditions (7.1)–(7.4) then the requirements for continuity
are satisﬁed, so  ∈M(G).
We have
M(G) = { ∈ M(G) : d ∈ C(1,1) and c(E) = c(E˜) for all Borel E}
whence
L(G) = {f ∈ L1(G) : f (x) = f (x˜), x ∈ G}.
Some observations about measures on G are now needed. It is clear that for U ⊆ G
open, the sets U1 = (U ∩ T1) and U−1 = (U ∩ T−1), viewed as lying in T, differ by
a countable set. Further, any singleton (,) ∈ T2 is a Borel set in G.
For a Borel set E ⊆ G, and  ∈ M(G), there are open sets Un ⊇ E with
||(Un\E) < 1/n. Enlarging Un by an at most countable set of pairs, we obtain a Borel
set, also denoted by Un, symmetric between T1 and T−1 and such that ||(Un\E) <
1/n for all  ∈ Mc(G). It follows that there is a set W ⊇ E, symmetric between the
circles, such that ||(W\E) = 0 for all  ∈ Mc(G). Note also that
{E ∩ T1 : E is Borel in G}
contains the Borel sets of T. Thus for  ∈ Mc(G),
∫
G
f d =
∫
T
f (1, ·) d,
where (S) = ({1} × S ∪ {−1} × S) for all Borel E ⊆ T.
With this background, suppose that  ∈ Lc(G). Thus
sup
‖f ‖1,f∈C(G)
∣∣∣∣
∫
G
[f (uvn)− f (uv)] d
∣∣∣∣→ 0 as vn → v in G.
In particular, this holds if we restrict to f (1, ·) ∈ C(T), so we have
sup
‖f ‖1,h∈C(T)
∣∣∣∣
∫
T
[f (uvn)− f (uv)]d(1, u)
∣∣∣∣→ 0 as vn → v in T.
But this is now a property of a measure on the topological group T, so that (1, ·) is
absolutely continuous, [27]. It follows that Lc(G) = L(G).
In this example, we can reconstruct the structure of G from the algebra RL(T).
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Theorem 7.4. RL(T) is a commutative C∗-algebra with spectrum  = T1∪T−1 under
the action
〈(1, u),〉 = (u), 〈(−1, u),〉 = (u−) ( ∈ RL(T)).
T1 is weak∗-dense in . Furthermore,  becomes a compact Hausdorff right topological
group under the product given by
〈g1 · g2,〉 =
{ 〈g1, · g2〉, g2 ∈ T1,
〈g1, ( · g2)ˇ〉, g2 ∈ T−1.
 is isomorphic and homeomorphic to the group G above.
Proof. That T1 is weak∗-dense in the spectrum follows immediately from the fact that
f ∈ RL(T) and inf{|f (s)| : s ∈ T} > 0 implies that 1/f ∈ RL(T). It is also clear that
 is contained in the spectrum.
We now show that  is weak∗-compact with T1 dense. If A ⊂  is inﬁnite, without
loss of generality, there is an inﬁnite subset in T1. Considering this with its usual
topology, there is a convergent subsequence (xn). Taking a further subsequence we
may suppose either xn ↑ x or xn ↓ x in the usual topology of T1. But for any
f ∈ RL(T), f (xn) → f (x−) = f−(x) in the ﬁrst case, f (xn) → f (x+) = f (x) in
the second. Thus there is either a subsequence of A converging weak∗ to an element
of T1, or one converging weak∗ to an element of T−1. This argument also shows that
T1 is weak∗-dense in ; the case when A ⊂ T−1 shows T−1 is weak∗-dense in T1.
It is also clear that the weak∗-topology is the same as that on the Schreier group.
Now consider the product in G. For g1 = (1, u), g2 = (1, v),
( · g2)(s) = 〈g2,s〉 = s(v),
so that
〈g1 · g2,〉 = 〈g1,(·)(v)〉 = (uv) = 〈(1, uv),〉.
Now for g1 = (−1, u),
〈g1 · g2,〉 = 〈g1,(·)(v)〉 = (uv−) = 〈(−1, uv),〉.
Now consider g2 = (−1, s). For t ∈ T,
((g2 · ) ˇ)(t) = (g2 · )(t) = 〈g2,t 〉 = lim
r→s−t (r) = limr→s−(tr) = (ts−).
Note that this is left continuous as a function of t , so right continuous as a function
of t.
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Thus for g1 = (1, u),
〈g1 · g2,〉 = 〈g1,((·)(s−)〉 = lim
r→s−(ur) = 〈(−1, us),〉.
Finally, for g1 = (−1, u),
〈g1 · g2,〉 = 〈g1,((·)(s−)〉 = lim
w→u−((ws−)) = 〈(1, us),〉.
Continuity of multiplication on the right is clear since the functions g2 · ( (g2 ·) ˇ ,
respectively) lie in RL(T) for g2 ∈ T1 (g2 ∈ T−1, respectively).
The isomorphism is clear from the calculations:
(ε, u)(, v) = (ε, uv) (ε,  ∈ {±1}, u, v ∈ T). 
8. Open questions
Let G be a compact Hausdorff right topological group. Assuming that G is ﬁrst
countable let (Vn) be a base of neighbourhoods of the identity, take en ∈ C(G) with
supp en ⊂ Vn, ‖en‖ = 1 and en0. Then for  ∈M(G), f ∈ C(G),
〈− en, f 〉 =
〈
f (x)−
∫
f (tx)en(t)d
(t),
〉
.
Given x ∈ G and  > 0, |f (tx)− f (x)| <  for t ∈ Vn and n sufﬁciently large. Thus
∫
f (tx)en(t) d
(t)→ f (x).
It follows that 〈 − en, f 〉 → 0. Thus we have a bounded (M(G), C(G))-left
approximate identity for M(G) in L1(G).
(a) Is G ﬁrst countable even possible in our situation?
(b) When will the en lie in one of our chosen subalgebras?
(c) Is L(G) weak∗-dense in M(G)? What about Lc(G)?
In L1(G) for a compact group G, the net {1V /
(V )} where V ranges over open
neighbourhoods of e gives a bounded approximate identity.
Proposition 8.1. Let G be a compact Hausdorff right topological group. Suppose
that G has a base of neighbourhoods of e consisting of sets satisfying 1V ∈ L(G),
equivalently 
(V x\V )→ 0 and 
(V x−1\V )→ 0 or 
(V x+V )→ 0) as x → e. Then
G is a topological group.
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Proof. For let V be such a neighbourhood, and set f = 1V . Then

(V x+V ) =
∫
|f (t)− f (tx)|2d
,
so that x → ‖f − xf ‖2 is continuous at x = e. But then for x → y,
‖xf − yf ‖2 = ‖y(f − xy−1f )‖2 = ‖f − xy−1‖2 → 0
since xy−1 → e as x → y. Thus x → xf : G → L2(G) is continuous. But then for
y ∈ G, x → xyf is continuous. Set
H = span{xf : x ∈ G, f = 1V , V as above} .
Then the right regular representation y → y of G on H is continuous. And if
y1V = 1V for all V then necessarily y = e so the representation is faithful. But then
G is a topological group by the same argument as Theorem 3.2, cf. [23]. 
More generally, we raise the following questions:
(1) Does L(G) have a bounded approximate identity? Is it amenable? (only if a topo-
logical group?) What about Lc(G)? Note that if there is a bounded net f → e
weak∗, then for g ∈ L(G), we have 〈gf, h〉 → 〈g, h〉 for each f ∈ C(G). If this
holds for h ∈ L∞(G) we have a weak (and so a strong) bounded left approximate
identity.
(2) Is L(G) semisimple?
(3) Are the closed left invariant subspaces of C(G) or Lp(G) given by closed sub-
groups of G?
(4) Are M(G) and L(G) right invariant? (only if G is a topological group?)
(5) If L(G) is a left ideal, or Lc(G) is a right ideal, or L(G) = Lc(G), must G be a
topological group?
(6) We have M(G) = L1(G, 
)⊕"1(G)⊕Ms(G), whenceM(G) = L(G)⊕D⊕Ms(G).
M(G)c = L(G)⊕Ms(G) is a right ideal. Must Ms(G) = {0}?
(7) For which closed normal subgroups L is 
L ∈ M(G)? (If G is topological then
N(G) = {e}, and e ∈M(G).)
(8) What is the topological centre of L(G)∗∗, of Lc(G)∗∗? In the case that G is a
compact topological group, this is L1(G), [12].
(9) Suppose that L is a closed normal subgroup that is actually a topological group,
and that G/L is also a topological group. What extra conditions ensure that G is
a topological group?
Example 7.2, with L = {(1, 1), (−1, 1)} shows that some extra conditions are necessary.
Indeed the following example shows countable admissibility is not even sufﬁcient.
Example 8.2. This is the example of [26], 3.4 of [22], 1.3.40(b) of [2].
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Let E(T) be the set of all endomorphisms of T with the topology of pointwise
convergence. Set G = E(T)× T with multiplication
(, s)(, t) = (, st ( ◦ )(ei)).
Then G is a compact Hausdorff right topological group with dense topological centre
(G) = {(, s) :  is continuous}. Indeed G is countably admissible, and N(G) =
{T} × T, where T(s) = 1 for s ∈ T.
Setting F = { ∈ E(T) : (ei) = 1}, then H = F × T is a compact topological
group, as is G/H # T, yet G is not a topological group.
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